The work of this paper is an extension of the previous work realized by the authors. The main objective of this work is the reduction of the engine-induced vibrations in vehicles using a switching strategy to augment the controller range of actuation. Two inertia mass actuators and two accelerometers are attached to the engine mounts. Multiple input multiple output (MIMO) linear parameter-varying (LPV) controllers are designed for the reduction of the engine-induced vibrations and validated experimentally with test drives in a Golf VI Variant. The stability of the controllers is guaranteed since LPV gain-scheduling techniques are used. The MIMO LPV controllers achieved excellent results for the reduction of nine frequency components of the engine-induced vibration using only two gain-scheduling parameters for a range of 750 rpm.
INTRODUCTION
Noise, vibration and harshness characteristics of cars and trucks are becoming increasingly important in recent years (Bein et al. (2012) , Bohn et al. (2003 Bohn et al. ( , 2004 , Duan et al. (2013) , Inoue et al. (2004) , Matsuoka et al. (2004) , Sano et al. (2001 Sano et al. ( , 2002 , Soureshi and Knurek (1996) , Shoureshi et al. (1997) and Svaricek et al. (2010) ). The work presented here focuses on the reduction of the engine-induced vibrations through switching between multiple input multiple output (MIMO) linear parameter-varying (LPV) gainscheduling controllers.
The use of adaptive methods for the reduction of vibration is the classical approach in active noise and vibration control (ANC/AVC). Adaptive filtering updating the filter coefficients through the Filtered-x LMS (FxLMS) is the technique commonly applied (Inoue et al. (2004) , Matsuoka et al. (2004) , Sano et al. (2001 Sano et al. ( , 2002 , Soureshi and Knurek (1996) , Shoureshi et al. (1997) and Svaricek et al. (2010) ). An analysis of the closed loop using adaptive techniques is difficult since the filter weights are the result of an adaptation. The stability and transient behavior (convergence speed) depend on the system input. Also, to the best of the authors' knowledge, only "approximate stability results" are available for the FxLMS algorithm (Feintuch et al. (1993) ).
LPV gain-scheduling techniques can be used for the rejection of harmonic disturbances Bohn (2011a, 2011b) , Ballesteros et al. (2012 Ballesteros et al. ( , 2013 Ballesteros et al. ( , 2014a Ballesteros et al. ( , 2014b , Darengosse and Chevrel (2000) , Du and Shi (2002) , Du et al. (2003) , Füger et al. (2012 Füger et al. ( , 2013 , Heins et al. (2011 Heins et al. ( , 2012a Heins et al. ( , 2012b , Kinney and Callafon (2006) , Köroğlu and Scherer (2008) , Shu et al. (2011 Shu et al. ( , 2013a Shu et al. ( , 2013b and Witte et al. (2010) ). The use of these techniques guarantees the stability for changes in the gain-scheduling parameters. This is the main advantage of the LPV design techniques compared with the adaptive techniques. In this paper LPV gain-scheduling techniques are used for the rejection of harmonic disturbances since the engine-induced vibrations are of this kind.
The work presented in this paper is an extension of the previous work realized by the authors and particularly an extension of the MIMO LPV controller presented in Ballesteros et al. (2014a Ballesteros et al. ( , 2014b . In this paper a switching MIMO LPV control strategy is used to augment the actuation range of the controllers guaranteeing the stability in the switching instant. Two inertia mass actuators (shakers) and two accelerometers are attached to the engine mounts. The controller uses the measurements of the accelerometers to generate the cancelling signal of the shakers. Anti-aliasing filters are applied to the output signals and reconstruction filters to the control inputs. The controllers are designed for the rejection of nine frequency components and are implemented on a rapid prototyping unit (MicroAutoBox from dSPACE). The switching strategy is validated with test drives for two MIMO LPV controllers covering a range of 750 rpm with only two gain-scheduling parameters.
The remainder of this paper is organized as follows. The MIMO LPV control design for the rejection of the engineinduced vibrations is presented in Sec. 2. The switching strategy to augment the range of reduction for the controller is explained in Sec. 3. Experiments in test drives with a Golf VI Variant are shown in Sec. 4. In Sec. 5 some summary and conclusions are given.
CONTROL DESIGN
The disturbance-observer state-feedback controller for the rejection of harmonic disturbances of Bohn et al. (2003 Bohn et al. ( , 2004 ) is reviewed in the following and extended to an LPV control structure. This controller is based on the internal model principle of Francis and Wonham (1976) . To achieve disturbance rejection the controller contains a model of the disturbance. The disturbances are time varying and therefore LPV gain-scheduling techniques are used to guarantee the stability. In subsection 2.1 an LPV state-space representation of the engine-induced vibrations is obtained. The control structure is briefly explained in subsection 2.2 and the LPV controller is calculated in subsection 2.3.
LPV Disturbance Modeling
The harmonic vibrations generated by the engine can be modeled as the output
A classical LPV representation can be obtained for this model using To reduce the number of parameters in the case where the frequencies are harmonically related, a useful idea is proposed by Füger et al. (2012 Füger et al. ( , 2013 which allows a formulation of this model in LPV form with only two parameters, independently of the number of disturbance frequencies. Füger et al. (2012 Füger et al. ( , 2013 ) used a polynomial approximation to reduce the number of gain-scheduling parameters for a single input single output (SISO) model of constant frequencies.
In the work presented in this paper, the polynomial approximation is used for an MIMO model with time-varying frequencies. The sine function and the cosine function can be written as 
The time-varying parameters
are introduced and the matrix d ,
with only two gain-scheduling parameters independently of the number of frequencies. An LPV representation of the matrix d, k A with two gain-scheduling parameters is possible since the matrices d ,
Control Structure
In this subsection the disturbance-observer state-feedback control structure for the rejection of harmonic disturbances is introduced. According to the internal model principle, the controller contains the model of the disturbance to be rejected. The LPV disturbance model for harmonic disturbances of the previous section is used since the engineinduced vibrations are time varying. The dynamics of the LPV disturbance are included in the controller using state augmentation.
The control structure is a state-feedback gain combined with an identity observer of an augmented system. The augmented system is obtained with a disturbance modeled as the output of (1) acting at the input of the plant. A state-space representation of the plant is given by
For the control design, plant and disturbance are combined to obtain the augmented system given as
and it can be written in compact form as 
The control structure is a state-feedback gain of the augmented system
with the estimated states ˆk x calculated through an identity observer
of the augmented system. It can be shown in Heins et al. (2012) that as long as a stabilizing state-feedback gain p K for the LTI plant and a stabilizing observer gain k L are found, the overall closed-loop system is stable. The state-feedback gain d
K for the disturbance model has no effect on the stability of the closed loop (as long as
Finally, a state-space representation of the controller is given by
pLPV Controller Design
It can be seen from (13) and (16) that the matrix k A of the augmented system depends on the parameters 1, k  and 2, k  . Powerful control design methods can be used if the parameters 1, k  and 2, k  vary inside a polytope. Since the relationship between the parameters is known
a triangle as polytope is in this paper used.
The two scheduling parameters The time-varying system matrix k A of the augmented system depend affinely on the parameters The parameter k θ is obtained with (24) and the coordinate vector k  is calculated through
The inverse matrix can be calculated offline and then the calculation of the coordinate vector k  is the result of a matrix multiplication.
The matrix k
A depend on the parameters
and it can be written with (24) as 1, 1 The system based on this system matrix is regarded as a polytopic LPV (pLPV) system (16). With the augmented system written in this form, control design techniques are applied to obtain a pLPV gain-scheduling controller. 
and v, v, , 1, ,3.
The vertex observer gains are calculated through
In order to guarantee quadratic stability for the whole parameter space, solutions for the matrix variables P and W have to be the same for all vertex systems.
The controller in pLPV form with the calculated vertex observer gains is given by
with
and c
The MIMO pLPV controller presented in this paper is very simple to implement. The controller is calculated from three controller vertices using a simple matrix multiplication.
SWITCHING CONTROL STRATEGY
The range of vibration reduction is augmented in this section by combining pLPV controllers. The main objective is to augment the range of vibration reduction guaranteeing the stability at the same time. As an approach, three triangles can be used as polytopes placed consecutively as shown in Fig. 2 . The vertex gains This approach uses the same controller (same vertex gains) at each union point of the triangles. This switching strategy guarantees the stability if the parameters vary continuously. The stability is not guaranteed if the parameters vary from one triangle to another triangle region. For variations inside the triangle of the gain-scheduling parameters the stability is guaranteed. This approach was implemented in test drives and excellent results were achieved for three consecutive triangles covering a region of 1200 rpm for the reduction of nine frequency components of the engine-induced vibration.
The main objective is to switch between controllers guaranteeing the stability. Therefore an extension of this approach is realized finding a Lyapunov function X and solving the LMIs
for the vertex 1, , 4 j   shown in Fig. 3 . Quadratic stability is then guaranteed if a common Lyapunov function is found for the four vertex (
) of the polytope. A Lyapunov matrix X was found for a region of 750 rpm. In a similar way as (25), the simple matrix multiplication to obtain the pLPV controller can be used if the polygon is further subdivided in triangles. A pLPV controller is used for the triangle ( A switch between controllers is realized in the middle of the polygon and the controllers are initialized with the same state spaces. The stability is guaranteed since a common Lyapunov function was found for the four vertices and the switch is done between the vertices of the polytope.
EXPERIMENTAL RESULTS

Two 2 2
 MIMO pLPV controllers obtained with the control design from Sec. 2 and the switching strategy of Sec. 3 are used for the reduction of the engine-induced vibrations in a Golf VI Variant. The controllers are designed to reject nine frequency components of the engine-induced vibration in a range of 750 rpm.
A schema of the experimental setup is shown in Fig. 4 and a photo in Fig. 5 . Two inertia mass actuators (shakers) and two accelerometers to measure vertical accelerations are attached to the engine mounts. The battery is moved to the trunk of the car and the resulting space is used for the power amplifiers Excellent results are achieved for the reduction of nine frequency components of the engine-induced vibration for time-varying engine speed as the time-frequency diagrams of Fig. 11 show. Fig. 10 . Accelerations measured for time-varying engine speeds on the driver side (left) and rider side (right). The control sequence is on/off. Fig. 11 . Time-frequency diagram of the accelerations measured on the driver side (top) and rider side (bottom). The control sequence is on/off.
CONCLUSIONS
The main objective of this work was to test and develop MIMO LPV gain-scheduling controllers for the reduction of the engine-induced vibrations in a test car.
The work presented here is an extension of the previous work realized by the authors. In this paper MIMO LPV disturbance-observer gain-scheduling controllers were designed and a control switching strategy to augment the vibration reduction range is proposed. The switching strategy guarantees the stability even for fast changes of the engine speed. Triangles are used as polytopes resulting in a very simple interpolation. A simple matrix multiplication is used to calculate the LPV controller from three controller vertices.
Excellent results were achieved to increase the acoustic and vibration comfort in the vehicle even if the car did not have any acoustic or vibration problems. The reduction of the transmitted vibration when the control system was switched on was clearly noticeable in the passenger compartment. 
